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^ ! Abstract 

in 

Tij- i It has been shown that the canonical structure of the first order Einstein-Hilbert (lEH) 

Zf^ ', action involves three generations of constraints and that these can be used to find the gen- 

erator of a gauge transformation which leaves the action invariant; this transformation is a 
diffeomorphism with field-dependent gauge function while on shell. In this paper we examine 
/\f , the relationship between the canonical structure of this action and that of the first order spin-2 

d . (1S2) action, which is the weak field limit of the Einstein-Hilbert action. We find that the 

weak field limit of the Possion Brackets (PB) algebra of first class constraints associated with 
the lEH action is not that of the 1S2 action. 

PACS Keywords: Gravity, higher- dimensional, 04.50.-h, Quantum gravity, 04.60.-m, Quantum field 
theory, 03.70.+k, ll.lO.-z, Palatini action, background field, constraint analysis. 

1 Introduction 

An analysis of the lEH action [1-3] using the Dirac constraint formalism [4,5] reveals the presence 
of primary, secondary and tertiary constraints. (In an earlier constraint analysis [6,7] of this action, 
no tertiary constraints arose as equations of motion that are in fact secondary first class constraints 
were used to eliminate fields from this action.) 



The presence of first class tertiary constraints is required to derive a generator of the diffeo- 
morphism transformation. In addition, second class secondary constraints [2] yield unusual ghost 
contributions to the measure of the path integral used to quantize the lEH action. 

These peculiar features motivate us to examine more clearly the relationship between the lEH 
action and the action derived by making a weak field expansion of the metric in the lEH action 
about a fiat background - the well-known 1S2 action. We find that there is not an obvious connection 
between the tertiary constraints in these two actions and that the PB algebra of the constraints in 
the lEH action does not, in the weak field limit, reduce to the algebra arising in he 1S2 action. 

2 The Constraint Structure 

The lEH Lagrangian can be written in the form. 



Ceh = h^" G 
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in d dimensions, where h'^" and G^^^ are related to the metric f?^,^ and the afiine connection F^^ by 



h^"" 



= ,/^gg^'^ and G^, = Vl,-\ (^^E^, + <5,^r-J. 
By making a weak field expansion 



h^'-{x) = 7]^" + /^"(a;) 



(2) 



(j^^iu _ (iig^g(^ — 1_ _|_ _|_ ^ /)^ Q^(\ keeping only those terms in Ceh-, one arrives at the first order 
Lagrangian for a free spin-2 field. 



Cs2 = rp;:,^, + r^>^-^ (^^ 
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The canonical analysis of both Ceh and £52 appears in ref. [1] (see also ref. [3] for Ceh)- This 
is most easily done for Ceh if one makes the following change of variables 
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One then finds primary constraints that satisfy 11, IIj and IIjj as the canonical momenta conju- 
gate to h, /i* and W^ respectively. There are subsequently the secondary first class constraints 



Xi 



h ,• — /ill,- 



and 



as well as the secondary second class constraints 
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where 
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Once the second class constraints of eqs. (15,16) have been eliminated through introduction of 
the Dirac Bracket (DB) the canonical Hamiltonian takes the form 



where F is a function, all of whose terms are at least linear in x or Xj, and 

T- — fJ^J ffmi TT TTUJ TTlj TT TTmn 



(20) 
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W^HkiH ^ HmnH'^"^ + W^H {UijUke — liik^je) 
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(22) 



Since we have the DB algebra 

{Xi,x} = Xi (23) 

{r,{x),T^{y)}={-T,{y)d] + T,{x)dy)6'-\x-y) (24a) 

{r(f), T{y)} = {d!W^{y)T,{y) - d]W^{xMx)) d'^-^x - y) (246) 

and 

{n{x),T{y)} = {-d^^r{y) + dtT{x))5''-\x-y). (24c) 

we see that there are no further constraints and that (x, Xi) ^-^e secondary first class constraints 
and (r, Tj) are tertiary first class constraints. 

We will now contrast this constraint structure with that which follows from £52 in eq. (3). In 
ref. [1] the canonical structure of this 1S2 action was performed, however the variables used there 
are distinct from those used to analyze Ceh (summarized above). In order to effect a comparison 
between the canonical structures of Ceh and £32-, we make use of the variables, 
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(26a - c) 
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f = l + h f = h' P = h6'^ - W^ 

'jk - -'^jk -^ 00 -= ~^'' + ^jj Pqj ^ 2 . 
The variables appearing on the right side of eqs. (25-27) are the weak field limit of those in eqs. 
(4-12) when using the weak limit of eq. (2). 

With the change of variable of eqs. (25-27) we find that £52 becomes 



Cs2 = nho + U,h]o + U.jH'l + 
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The equations of motion for C- and Cfe clearly constitute a set of secondary second class con- 
straints. If these equations are used to eliminate Cj and ^j^ from £52, then one can immediately 
see that the canonical Hamiltonian is given by 



^52 = -^(n + ^^^f -tx- Cx, + j^K^Ki + 2n.,^:, 



(29) 
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We see that the momenta conjugate to t and C, vanish; these primary first class constraints lead 
to the secondary constraints X = Xj = 0- If i^^ gQ- (27) we express IT and IIj in terms of x ^-iid Xii 
then those terms in 1-132 that are independent of x and X- ^"^^ 

nfl = (n,,n,, - n,,%) + 2 (n,,/i^ - n,,/i^.) + Hp,^ (31) 
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We find that the secondary constraints x a-^id %. now lead to the tertiary constraints 

X, [ d'~'ns2\ = -H% = -T (32a) 



and 



X„ / ^""'^52 !> = 2 ( ^^^ ) X , + 2 (n,,- , - n,,,,) (346) 



No further constraints arise as 
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r, / d''-'ns2 = %,i (33a) 
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Furthermore, (XjX •)£)£«) all have vanishing DB amongst themselves. This shows that these 
constraints are all first class. 

Using a technique outlined in ref. [8], (the "HTZ" approach) it is possible to find the gauge 
invariances present in an action from the first class constraints that are present. For the lEH 
action, the first class constraints of eq. (13, 14, 21, 22) have been shown to lead [1, 2] to the 
diffeomorphism gauge transformation 

5/i^^ = W^dxe"" + h^'^dxe^ - dxih^^'e^) (34a) 

+G',udpO' - {G'^^d, + Gt,d,) QP. (346) 

only provided the gauge parameter 9^ takes the field dependent form 9 = —he, ^* = c* — c/i* 
where (c, d) are arbitrary functions of x'^, and the equation of motion for iJ*-' is satisfied. 



For the 1S2 action, with the first class constraints of eqs. (30, 32), the form of the gauge 
generator is 

G = ap + ttiPi + bx + biX- + ct + CjHj (35) 

Here (p, Pi) are the momenta associated with (t, ^ ) respectively; these are primary first class 
constraints. The HTZ formalism shows that in a system with canonical Hamiltonian He, a set of 
first class constraints (pai (i - generation of the constraint) and total Hamiltonian Ht = Hf. + Uai(j)aii 
then the gauge generator G = \ai<Pai satisfies the equation [8] 

^<Pa, + {G, Ht} - 5Ua,ct>a, = (36) 

where D / Dt denotes the total time derivative exclusive of time dependence through the canonical 
position and momentum variables. With the generator of eq. (35), eq. (36) leads to 

G= ( -c - -f—rCi,i jP+{ci- c^i + Cijj - Cj^ij) Pi + {c- q,j) x + (-Q + c^i) Xi + cz + QZi (37) 
From eq. (37), we find that 

6h = -c + Ci^i, 6h' = -Ci + c^i, 5W^ = -qj - Cj^i + 25''^Ck,k (38a - c) 

Using equation (26), we see that eq. (38) is equivalent to 

5JM- = gi^c" + d^c^" + ri^'d ■ c (39) 

where c^ = (c, q). Eq. (39) is the usual spin two gauge transformation; it is the weak field limit 
of eq. (34a). 

We are now in a position to compare and contrast the canonical structure of the lEH and 
15*2 actions. The choice of variables made in eqs. (4-12) has been designed to facilitate this. In 
particular, if the weak field expansion of eq. (2) is applied in eqs. (4-12) we end up with eqs. 
(25-27). Furthermore the weak field expansion reduces the secondary first class constraints of the 
lEH action given by eqs. (13, 14) to the secondary first class constraints of the 15*2 action given 
by eqs. (30a, b). 

However, beyond this point the canonical analysis of the lEH and 15*2 actions diverge. We first 
note that after elimination of the second class constraints, the canonical Hamiltonian for the lEH 
action is a linear combination of first class constraints (see eq. (20)). This is not the case for the 
1S2 action, as is apparent from eq. (31). 

The tertiary constraint r, of eq. (22) in the weak field limit (in which H^^ ^ 6"^^ reduces to 
— 2rj of eq. (32a). However, the weak field limit of r given by eq. (21) is not directly related to 



the constraint r of eq. (32b). Furthermore, the DB algebra of the first class constraints of the 
lEH action given by eqs. (23, 24) does not reduce in the weak field limit to the DB algebra of the 
first class constraints of the 15*2 action. However, it is surprising that the weak field limit of the 
gauge transformation associated with the first class constraints following from the lEH action is 
the gauge transformation for the 15*2 action following from its first class constraints. 

It is apparent that if one were to make the expansion of eq. (2) and substitute it into eq. (1) 
without dropping terms in the action cubic to the fields, we would have in addition to the 15*2 
action an interaction, 



^i = r f -^-^FIf:, - F^Fl ] (40) 
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^d~ 1 
Adding this interaction to Cs2 clearly does not restore the canonical structure of Ceh- 

3 Discussion 

In the preceding section we have demonstrated how expanding the metric about a fiat background 
in the lEH action alters the canonical structure of the theory. If the canonical structure of the 
lEH is used in conjunction with the path integral to quantize gravity as in ref. [2], then we are 
faced with an ambiguous situation when it comes to quantize fiuctuations of the gravitational field 
about a fiat background. One could either make use of the expansion of eq. (2) in the path integral 
of ref. [2], or insert the expansion of eq. (2) into Ceh (6q-(l)) and then derive the path integral 
that follows from the canonical structure of £52 + Cj (eqs. (3, 40)). The two path integrals are not 
going to be equivalent because they are associated with two distinct canonical structures. 

The usual background field method [9, 10] is used in conjunction with the Faddeev-Popov [11, 
12] approach to defining the path integral. It has been shown that the use of the background field 
method is equivalent to what is obtained using canonical quantization when computing radiative 
corrections in Yang-Mills theory - but not in gravity. However, it has been used to compute loop 
corrections for the second-order EH (2EH) action [13, 14]. However, from the preceding section it 
is apparent that using the background field method in conjunction with the path integral as it is 
derived from the canonical structure of the lEH action is not equivalent to what is obtained from 
the lEH itself. The incompatibility of the path integral derived from the canonical structure of 
the lEH action and that which follows from the Faddeev-Popov approach is discussed in ref. [2]; 
this discrepancy is in part due to the presence of non-trivial ghosts that arise as a result of second 
class constraints that follow from the lEH action. Quite likely this inequivalence is also a feature 
of the path integrals that follow from the 2EH action. (The canonical structure of the 2EH action 
is discussed in detail in refs. [15-17]). Problems associated with defining a path integral in systems 
with non-trivial second class constraints are also discussed in ref [18]. 
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